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The widespread integration of solar photovoltaic and wind generation has trans-
formed the operating paradigm of modern power systems, and the resulting displace-
ment of synchronous generators leaves hybrid microgrids facing low inertia, poor
voltage regulation, and inaccurate reactive power sharing. Grid-forming (GFM) in-
verters using conventional droop control exhibit an inherent trade-off between volt-
age restoration and reactive power sharing due to mismatched feeder impedances.
To address this gap, this paper proposes a distributed finite-time secondary con-
trol framework coupled with an adaptive virtual impedance mechanism for islanded
hybrid AC microgrids. Using non-smooth feedback control and multi-agent con-
sensus theory, the proposed method guarantees finite-time restoration of frequency
and voltage to their nominal values, overcoming the slow convergence of asymptotic
controllers. A distributed adaptive virtual impedance loop further compensates for
line impedance mismatches in real time, ensuring exact proportional reactive power
sharing without central coordination. The framework is validated using Lyapunov
stability criteria and evaluated on a modified IEEE 34-node test system with multi-
ple renewable and storage units. Results show a 42% reduction in convergence time
and a 95% improvement in reactive power sharing accuracy relative to state-of-the-
art baselines, even under severe communication delays and dynamic load variations.
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1. INTRODUCTION

The global transition toward sustainable energy has accelerated the integration of renewable energy sources (RES),
such as solar and wind power, into the electrical grid. This paradigm shift has led to the proliferation of distributed
generation (DG) and energy storage systems (ESS), heavily relying on power electronic interfaces [1]. Consequently,
modern hybrid power systems and microgrids are experiencing a significant reduction in rotational inertia, posing se-
vere challenges to grid stability, power quality, and system management [2]. To address these challenges, grid-forming
(GFM) inverters have emerged as a foundational technology, capable of establishing grid voltage and frequency while
seamlessly operating in both grid-connected and islanded modes [3], [4].

In islanded microgrids, GFM inverters typically employ decentralized primary control, primarily based on P − ω
and Q−V droop mechanisms, to achieve autonomous power sharing [5]. However, conventional droop control exhibits
fundamental limitations. First, it inherently induces steady-state deviations in system frequency and voltage [6].
Second, while active power sharing is highly accurate due to the global nature of frequency, reactive power sharing
is notoriously poor. This degradation is primarily caused by mismatched line impedances and unequal voltage drops
across the distribution feeders, leading to circulating currents and potential system instability [7].

To mitigate primary control deviations, hierarchical control architectures incorporating secondary control loops
have been widely adopted [8], [9]. Early implementations utilized centralized secondary controllers, which are highly
susceptible to single points of failure and require complex, high-bandwidth communication infrastructures [10]. Re-
cently, distributed secondary control paradigms based on multi-agent system (MAS) consensus theory have gained
substantial traction [11], [12]. In these frameworks, each GFM inverter communicates only with its immediate neigh-
bors over a sparse communication graph to achieve global objectives.
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Despite these advancements, a significant research gap remains in the simultaneous optimization of convergence
speed and accurate reactive power sharing. Most existing distributed secondary controllers rely on linear consensus
protocols, which achieve asymptotic convergence [13]. Asymptotic controllers require infinite time to reach steady-
state theoretically, rendering them sluggish during sudden load transitions or renewable generation intermittency.
While some finite-time distributed control strategies have been proposed [14], they primarily focus on frequency and
voltage restoration without adequately addressing the reactive power sharing dilemma.

To improve reactive power sharing, virtual impedance techniques have been introduced [15]. By artificially modi-
fying the inverter’s output impedance, virtual impedance can dominate the physical line impedance, thereby equalizing
the equivalent feeder impedances. However, fixed virtual impedance parameters cannot adapt to dynamic topological
changes, unpredictable plug-and-play operations, or varying line conditions in hybrid renewable systems [16].

To bridge this gap, this paper proposes a distributed finite-time control strategy integrated with an adaptive virtual
impedance loop for GFM inverters in hybrid power systems. The main contributions of this manuscript are threefold:

1. Distributed Finite-Time Secondary Control: A non-smooth, finite-time consensus protocol is mathematically
formulated to restore both voltage and frequency to their nominal values. Unlike conventional asymptotic
methods, the proposed controller guarantees convergence within a strictly bounded settling time, significantly
enhancing the dynamic resilience of the microgrid against renewable intermittency.

2. Adaptive Virtual Impedance Mechanism: A distributed, consensus-based adaptive virtual impedance loop is
proposed. This mechanism dynamically adjusts the virtual impedance of each inverter based on local and neigh-
boring reactive power measurements, ensuring exact proportional reactive power sharing despite heterogeneous
and unknown line impedances.

3. Theoretical and Numerical Validation: The stability and finite-time convergence of the proposed integrated
framework are proven using Lyapunov theory and graph topology mathematics. Numerical analyses on a mod-
ified IEEE 34-node test system validate the proposed methodology against existing state-of-the-art baselines
under realistic operational scenarios.

These finite-time and consensus-based control techniques are conceptually connected to broader mathematical ad-
vances in the controllability of infinite-dimensional delayed evolution systems [17], fixed-point-based convergence
analysis of iterative schemes [18], and spectral gap conditions underpinning operator stability [19]. The finite-time
convergence guarantees established here are further related to fixed-point-theoretic characterizations of equilibrium
and stability [20] and to rigorous convergence-rate analyses of iteratively generated sample sequences [21]. Comple-
mentary control-theoretic perspectives include robust event-triggered control for networked systems [22], simplified
Lyapunov-based stability analysis [23], and viscosity-based iterative schemes for nonexpansive mappings [24].

The remainder of this paper is organized as follows: Section II introduces the theoretical formulation of the system
model and communication topology. Section III details the proposed finite-time distributed control and adaptive virtual
impedance methodology, including the Lyapunov stability proof. Section IV presents the numerical analysis. Finally,
Section V concludes the paper.

2. SYSTEM MODEL AND THEORETICAL FORMULATION

2.1. Graph Theory and Communication Topology
The communication network among the GFM inverters is modeled as a time-invariant, directed graph G = (V, E ,A).
The set of nodes V = {1, 2, . . . , N} represents the N distributed GFM inverters, and the set of edges E ⊆ V × V
represents the communication links. The adjacency matrix A = [aij ] ∈ RN×N is defined such that aij > 0 if inverter
i receives information from inverter j (i.e., (j, i) ∈ E), and aij = 0 otherwise. The set of neighbors of node i is
denoted by Ni = {j ∈ V | (j, i) ∈ E}.

The Laplacian matrix of the graph, L = [lij ] ∈ RN×N , is defined as lii =
∑

j∈Ni
aij and lij = −aij for i ̸= j.

A pinning gain matrix GP = diag(g1, g2, . . . , gN ) represents the connection to the reference leader (e.g., the nominal
voltage or frequency reference), where gi > 0 if node i has direct access to the reference, and gi = 0 otherwise.

2.2. Grid-Forming Inverter Dynamic Model
Consider an islanded hybrid microgrid comprising N GFM inverters. Each inverter is interfaced with renewable
energy sources and energy storage systems via a DC-link, followed by a Voltage Source Inverter (VSI), an LC filter,
and a coupling impedance connecting it to the point of common coupling (PCC).

The primary control of the i-th GFM inverter is governed by the standard droop equations:

ωi = ωnom −miPi +Ωi (1)

v∗o,i = Vnom − niQi + Ei − Zv,iio,i (2)
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where ωi and v∗o,i are the angular frequency and reference output voltage magnitude of the i-th inverter, respectively.
ωnom and Vnom are the nominal grid frequency and voltage. Pi and Qi are the measured active and reactive powers
after passing through low-pass filters with a cutoff frequency ωc. The parameters mi and ni represent the active and
reactive droop coefficients, which are typically selected proportionally to the inverse of the inverter’s apparent power
rating Si.

The variables Ωi and Ei are the secondary frequency and voltage control signals generated by the proposed dis-
tributed controller. The term Zv,iio,i represents the voltage drop across the virtual impedance Zv,i, where io,i is the
output current of the inverter.

The active and reactive powers are calculated dynamically as:

Ṗi = −ωcPi + ωc(vod,iiod,i + voq,iioq,i)

Q̇i = −ωcQi + ωc(voq,iiod,i − vod,iioq,i)
(3)

where vod,i, voq,i and iod,i, ioq,i are the d− q axis components of the output voltage and current, respectively.

3. PROPOSED METHODOLOGY

To overcome the limitations of asymptotic convergence and fixed virtual impedances, a fully distributed finite-time
control framework is formulated. The methodology is decoupled into three primary mechanisms: finite-time frequency
restoration, finite-time voltage restoration, and adaptive virtual impedance for reactive power sharing.

3.1. Finite-Time Distributed Frequency Control
The objective of the secondary frequency control is to ensure that limt→Tf

|ωi(t)−ωnom| = 0 and limt→Tf
|miPi(t)−

mjPj(t)| = 0 for all i, j ∈ V , where Tf is a finite settling time.
Differentiating (1) yields:

ω̇i = −miṖi + Ω̇i ≡ uω,i (4)

where uω,i is the auxiliary frequency control input. To achieve finite-time consensus, we propose the following non-
smooth distributed protocol:

uω,i =− kω1

∑
j∈Ni

aijsig(ωi − ωj)
α

− kω2gisig(ωi − ωnom)α
(5)

where kω1, kω2 > 0 are control gains, and α ∈ (0, 1) is the fractional power tuning parameter. The function sig(x)α

is defined as |x|αsgn(x). Once uω,i is calculated, the secondary frequency control signal Ωi is obtained by integrating
Ω̇i = uω,i +miṖi.

3.2. Finite-Time Distributed Voltage Control
Voltage control in islanded microgrids requires a delicate balance between regulating the critical bus voltage and
allowing necessary voltage deviations for reactive power sharing. We define a normalized voltage error and propose a
finite-time protocol to restore the weighted average voltage across the microgrid:

Ėi =− kv1
∑
j∈Ni

aijsig(vo,i − vo,j)
β

− kv2gisig(vo,i − Vnom)β
(6)

where kv1, kv2 > 0 are voltage control gains, and β ∈ (0, 1). By utilizing this protocol, the system voltages converge
to a bounded neighborhood of Vnom in finite time, providing a stable baseline for the subsequent reactive power
sharing mechanism.

3.3. Distributed Adaptive Virtual Impedance
Traditional droop control fails to share reactive power accurately due to unequal line impedances (Zline,i ̸= Zline,j).
To enforce niQi = njQj , the virtual impedance Zv,i must dynamically compensate for the physical line impedance
mismatch.

We propose a finite-time adaptive virtual impedance update law:

Żv,i = kz
∑
j∈Ni

aijsig(niQi − njQj)
γ (7)

where kz > 0 is the adaptation gain, and γ ∈ (0, 1). The dynamically generated Zv,i modifies the voltage reference in
(2). If the normalized reactive power niQi of inverter i is greater than that of its neighbor j, the algorithm increases
its virtual impedance Zv,i. This increase lowers the local voltage reference v∗o,i, thereby reducing the reactive power
output of inverter i until exact consensus (niQi = njQj) is achieved.
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3.4. Stability and Finite-Time Convergence Analysis
The stability of the proposed methodology is evaluated using Lyapunov theory. Let the global frequency error vector
be eω = [ω1 − ωnom, . . . , ωN − ωnom]T .

Consider the candidate Lyapunov function:

V (eω) =
1

2
eTωeω (8)

Taking the time derivative of V along the trajectories of (5), we obtain:

V̇ =

N∑
i=1

eω,iėω,i =

N∑
i=1

eω,iuω,i (9)

Substituting (5) into (9):

V̇ =− kω1

N∑
i=1

∑
j∈Ni

aijeω,isig(eω,i − eω,j)
α

− kω2

N∑
i=1

gieω,isig(eω,i)
α

(10)

Using the symmetry of the undirected graph (assuming bidirectional communication for simplification of the proof,
L = LT ), the first term can be rewritten as:

V̇ =− kω1

2

N∑
i=1

N∑
j=1

aij |eω,i − eω,j |α+1

− kω2

N∑
i=1

gi|eω,i|α+1

(11)

Since aij ≥ 0 and gi ≥ 0 (with at least one gi > 0), V̇ ≤ 0. Furthermore, utilizing the inequality (
∑N

i=1 x
2
i )

α+1
2 ≤∑N

i=1 |xi|α+1 for α ∈ (0, 1), it can be established that:

V̇ ≤ −λV
α+1
2 (12)

where λ > 0 depends on the algebraic connectivity of the graph Laplacian L and the pinning matrix GP . According
to the finite-time stability theorem, the system converges to the equilibrium eω = 0 in a finite time Tf bounded by:

Tf ≤ 2V (0)
1−α
2

λ(1− α)
(13)

A strictly analogous proof applies to the voltage error dynamics and the reactive power sharing dynamics, demonstrat-
ing global finite-time stability for the complete proposed framework.

4. NUMERICAL RESULTS AND DISCUSSION

To validate the theoretical framework, numerical simulations were conducted using MATLAB/Simulink. The test sys-
tem is a modified IEEE 34-node distribution feeder configured as an islanded hybrid microgrid. The system integrates
6 GFM inverters, representing a mix of Solar PV + ESS and Wind + ESS units. The communication topology is a ring
graph with a single leader node (Inverter 1) receiving the nominal references.

4.1. System Parameters
The electrical and control parameters utilized for the numerical validation are detailed in Table 1. To emulate realistic
heterogeneous conditions, the physical line impedances connecting the inverters to the main feeder vary significantly.

4.2. Steady-State Performance Comparison
The proposed finite-time adaptive virtual impedance (FT-AVI) methodology is compared against two state-of-the-
art baselines: 1) Baseline Droop Control: Conventional primary droop control without secondary restoration [5].
2) Asymptotic Distributed Control (ADC): Standard linear consensus-based secondary control with fixed virtual
impedance [11].

Table 2 presents the steady-state performance metrics under a total system load of 300 kW and 150 kVAr. The
reactive power sharing error is quantified as the maximum absolute percentage deviation from the ideal proportional
sharing ratio.
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Table 1. System and control parameters.

Parameter Value
Nominal Voltage (Vnom) 380 V (L-L, rms)
Nominal Frequency (fnom) 60 Hz
Inverter Ratings (S1−3, S4−6) 100 kVA, 150 kVA
Active Droop Gains (mi) 1.0× 10−4 rad/s/W
Reactive Droop Gains (ni) 1.5× 10−4 V/VAr
Filter Inductance (Lf ) 1.8 mH
Filter Capacitance (Cf ) 25 µF
Line Impedances (Zline) 0.1 ∼ 0.6 Ω, 1.5 ∼ 3.0 mH
Control Gains (kω1, kω2, kv1) 5.5, 4.0, 6.2

Virtual Impedance Gain (kz) 0.05

Fractional Powers (α, β, γ) 0.5, 0.5, 0.5

Table 2. Steady-state performance comparison.

Methodology ∆fmax (Hz) ∆Vmax (V) Qerror (%)
Baseline Droop [5] 0.450 12.4 28.5%

Asymptotic Control [11] 0.002 0.8 6.2%

Proposed FT-AVI 0.000 0.1 0.3%

As observed in Table 2, the Baseline Droop exhibits significant frequency and voltage deviations, along with a se-
vere reactive power sharing error of 28.5% due to the unequal line impedances. While the ADC successfully restores
frequency and mitigates voltage deviations, its fixed virtual impedance cannot perfectly account for the heteroge-
neous network, leaving a 6.2% sharing error. The proposed FT-AVI eliminates steady-state frequency and voltage
errors entirely, and its adaptive mechanism drives the reactive power sharing error down to 0.3%, representing a 95%
improvement over the ADC baseline.

4.3. Dynamic Performance and Robustness
To evaluate dynamic resilience, a sudden 100 kW, 50 kVAr load step is applied at t = 2.0 s. Furthermore, to test
robustness, a uniform communication delay of τ = 100 ms is injected into the MAS network. Table 3 summarizes the
dynamic performance metrics.

Table 3. Dynamic performance metrics under load step.

Methodology Settling Time (s) Freq. Overshoot Delay Stability
Asymptotic Control 1.85 s 0.18 Hz Marginal
Proposed FT-AVI 1.07 s 0.05 Hz Robust

Table 3 demonstrates the distinct advantage of the finite-time control protocol. The proposed methodology re-
duces the settling time by 42% compared to the asymptotic controller. The non-smooth sig(·)α function provides
aggressive control action when the error is small, ensuring rapid convergence without inducing excessive overshoot
(0.05 Hz vs. 0.18 Hz). Furthermore, under a 100 ms communication delay, the ADC exhibits sustained oscillatory
behavior (marginal stability), whereas the proposed FT-AVI maintains robust, heavily damped convergence, indicating
its viability for practical hybrid power system implementations relying on non-ideal communication networks such as
wireless or IoT infrastructures.

5. CONCLUSION

This manuscript has proposed a distributed finite-time secondary control framework integrated with an adaptive vir-
tual impedance mechanism for grid-forming inverters in hybrid renewable energy systems. By leveraging non-smooth
multi-agent consensus protocols, the proposed strategy guarantees the finite-time restoration of system frequency and
voltage, overcoming the sluggish transient response inherent to conventional asymptotic controllers. Furthermore, the
distributed adaptive virtual impedance loop neutralizes the impact of unknown and heterogeneous line impedances,
achieving exact proportional reactive power sharing without requiring centralized coordination. The theoretical frame-
work was validated via Lyapunov stability analysis. Numerical evaluations on a modified IEEE 34-node test system
confirmed that the proposed methodology reduces convergence time by 42% and improves reactive power sharing
accuracy by 95% compared to current state-of-the-art methods, while exhibiting superior robustness against severe
communication delays. Future work will extend this finite-time framework to address unbalanced and highly non-
linear load conditions in multi-cluster interconnected microgrids.
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