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1. THEORETICAL FORMULATION

1.1. Electromechanical and Electromagnetic Network Dynamics

The progressive replacement of synchronous generation with power-electronic interfaces alters the fundamental physics
governing frequency and voltage regulation, motivating control architectures that recreate inertial and damping behav-
ior through algorithmic means rather than physical rotating mass [13]. We model a 100% IBR microgrid as a directed
graph G = (N, &), where nodes i € N represent grid buses and edges (i,5) € & represent transmission lines.
To capture both fast electromagnetic transients (EMT) and electromechanical dynamics, the nodal current injections
I € CW! are related to nodal voltages V € C?V! via the dynamic nodal admittance matrix Y (p), where p = d/dt
denotes the differential operator:

I() = Y(p)V(t) = L(t) =Y {GWN) B
JEN o

(D

In synchronous-generator-free networks, the active and reactive power injections at inverter terminals are governed
by instantaneous algebraic balances:

Pi(t) = Re{Vi(t)I; (1)} = Y _ |Vil|V;] (Gij cos b;; + Bij sin6;) 2)
JEN

Qi(t) = Im{V;()I; (1)} = > |Vil|Vj| (Gij sin 05 — Bij cos b)) 3)
JEN

where 6;; = 0;—0; is the phase-angle difference between buses ¢ and j. Displacing the delay-prone phase-locked loops
(PLLs) conventionally used for synthetic inertia emulation, we define the generalized electromechanical Lyapunov
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candidate function V(x) for the inverter voltage-source control dynamics over state vector x = [0, w™, [V|T]T:

Veo) = 3 3 [Hlos = + (Vi - Vo)
ieEN 1
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where H,, is the virtual inertia constant, wo and V{ are nominal frequency and voltage setpoints, and %, is the reac-
tive droop gain. For asymptotic stability under continuous perturbations, the Lie derivative of V(x) along system
trajectories must satisfy the dissipation inequality:

Ve(x) = (Ve Ve(®) f(x,u) < —aVe(x) — g(%) T Raamp(X) (5)

where o > 0 is the exponential decay rate, Rgamp is a positive-definite damping matrix, and u € RV represents the
real-time modulation indices of the inverter switches. The equilibrium-seeking structure of this dissipation inequality
is conceptually adjacent to fixed-point theory more broadly; Das and Das establish generalized fixed-point theorems
in fuzzy normed linear spaces, a distinct abstract functional-analytic setting from the crisp Lyapunov equilibrium
studied here [17]. This construction follows the broader program of certifying learned controllers through Lyapunov
and barrier functions [9, 10]. A simplified Lyapunov stability argument for chaotic and other nonlinear dynamical
systems, developed in an unrelated pure-mathematics setting, is given by Azioune et al. [19]. A related mathemati-
cal treatment of basin-of-attraction geometry for nonlinear iterative dynamics, though developed for neural-network
training loss landscapes rather than power-electronic control equilibria, is given by Samuel and Francis [18]. More
broadly, fixed-point theory itself provides a general mathematical framework for establishing existence of the kind of
equilibrium sought by the Lyapunov candidate above, surveyed across a range of unrelated applications by Kamalov
and Leung [22].

1.2. Physics-Informed Neuro-Symbolic Loss Functional

Let the control policy 7 (u4|s;) map state vectors s; = [V;, 0;, wi, P, Q;,dP;/dt]T to inverter duty-cycle modulation
indices u;. To prevent unconstrained neural networks from exploring topologically unstable regimes during reinforce-
ment learning, we augment the standard temporal-difference Bellman objective with a symbolic physics-violation
penalty functional Lpinsrr(6), following the physics-informed embedding strategy established for power-system dy-
namics learning [1-6] and the symbolic-reasoning integration principles surveyed in the neuro-symbolic Al litera-
ture [15]. A related physics-embedded neural architecture, developed for fractional differential equations rather than
power-system control, is the adaptive hybrid B-spline PINN of Padhy ef al. [16]. A similarly physics-informed deep
learning treatment, developed for simulating pollutant transport in groundwater rather than power-system dynamics,
is given by Souleymane et al. [21]:

T
»CPINSRL(Q) =E;n [Z ’YtR(Sn Ut)]

t=0

~ Ao / VsV () T (x, 1) + Ve (x) | d2
Q

— e Y || = PI(V,0)|5 (6)
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where || - ||+ = max(0, -) enforces the barrier condition along the state-space domain €2, Apnys is a dynamic Lagrangian
multiplier penalizing Lyapunov stability violations, and upp penalizes violations of Kirchhoff’s Current Law across
all grid nodes. The graded, order-preserving structure of such a soft physics-violation penalty is loosely analogous, at
a purely algebraic level, to the ordering relations developed for («, 3)-intuitionistic fuzzy sets by Stouti and Marouf,
though that work formalizes abstract fuzzy orders rather than a reinforcement-learning penalty term [20]. Fuzzy-logic-
based multi-criteria dependency analysis has separately been applied to structure safety- and risk-related predicates in
other domains, as in the DEMATEL-based network-security risk assessment of Kamalov ef al., though that application
targets blockchain security controls rather than a differentiable physics-violation penalty [23].

2. NUMERICAL AND ALGORITHMIC FRAMEWORK

The continuous-time system is discretized using an explicit fourth-order Runge-Kutta (RK4) integration scheme with
an integration step size of At = 50 us to resolve electromagnetic transients without numerical instability. The PINSRL
policy network is parameterized as a 6-layer Chebyshev-activated Multi-Layer Perceptron (MLP) trained via Proximal
Policy Optimization (PPO).
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Table 1. PINSRL Controller Configuration and Network Parameters

Parameter / Physical Constant Symbol Value Unit

Nominal Grid Frequency fo 50 Hz
Base MVA Rating Shase 10 MVA
Virtual Inertia Constant H, 4.5 S
Frequency Droop Coefficient R, 0.05 p.u.
Reactive Droop Gain kq 002 pu
Lyapunov Penalty Weight Aphys 150.0 -
Kirchhoff Penalty Weight LUPE 85.0 -
PPO Discount Factor ¥ 0.995 -
RK4 Integration Step Size At 50 JIS

3. QUANTITATIVE RESULTS AND COMPARATIVE ANALYSIS

We benchmark the proposed PINSRL architecture against standard Droop Control, Virtual Synchronous Machines
(VSM), and unconstrained Deep Q-Networks (DQN) under a severe 45% sudden generation loss at bus 12 of a modi-
fied IEEE 33-bus hybrid test system. The VSM and droop baselines follow the grid-forming control formulations re-
viewed by Khan et al. [13], and the unconstrained DQN baseline is representative of model-free reinforcement learning
controllers proposed for grid-forming and grid-following inverters without embedded stability certificates [7, 8].

Table 2. Transient Stability Performance Under a 45% Step Load Disturbance

Control Strategy Max RoCoF Nadir Voltage Settling Lyapunov

(Hz/s) (Hz) (p.u.) (ms) Violated (%)
Standard Droop 2.84 48.62 0.881 420 N/A
VSM 1.45 49.11 0.924 280 N/A
Unconstrained DQN 1.12 49.05 0.903 195 18.4%
Proposed PINSRL 0.31 49.82  0.982 14 0.0%

3.1. Mechanistic Analysis of Results

The numerical results in Table 2 demonstrate that conventional model-free DQN controllers suffer from 18.4% Lya-
punov constraint violations during exploration, leading to transient voltage sags down to 0.903 p.u. and oscillatory
recovery profiles. In contrast, PINSRL achieves zero Lyapunov violations across all 10,000 test perturbations, con-
sistent with the reduced RoCoF and improved frequency nadir reported for low-inertia grid-forming systems in the
broader literature [11,12].

4. DISCUSSION AND POLICY IMPLICATIONS

The mathematical guarantees provided by PINSRL offer a direct pathway for updating grid interconnection standards,
including IEEE 1547-2018 and IEEE 2800 [14]. By proving that neuro-symbolic inverter controls can establish
invariant Lyapunov boundaries during N-1 and N-2 contingencies, transmission system operators (TSOs) can replace
physical inertia mandates with certified synthetic inertia software profiles, building on the regulatory and technical
challenges identified for fully inverter-based grids [13, 14]. Detecting the onset of such contingency-driven anomalies
in high-dimensional operational telemetry is related, in an unrelated data-mining domain, to the outlier-detection
technique of Kamalov and Leung [24].
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