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Distributed energy resources have turned passive radial feeders into active networks
whose topology and control configuration change on operational timescales. Each
such change invalidates the global algebraic objects on which conventional power
flow analysis rests, and the analyst is left without a principled account of which parts
of a previously computed solution remain valid. This paper supplies that account.
We give a compositional semantics for the steady-state AC power flow problem in
which open subnetworks are the morphisms of a hypergraph category built by struc-
tured cospans, and the observable behaviour of a subnetwork is the set of boundary
voltage and power pairs extensible to an interior solution. We prove that this as-
signment is a symmetric monoidal hypergraph functor, so that interconnection of
subnetworks corresponds exactly to composition of behaviours; that boundary be-
haviours are semialgebraic and effectively computable, with a singly exponential
bound in the number of interior variables; and that on the linear subcategory the
functor specialises to Kron reduction, with functoriality equivalent to the quotient
property of Schur complements. Heterogeneous microgrid configurations are organ-
ised as the fibres of an indexed category over a base category of grid regions, and
the monoidal Grothendieck construction assembles them into a single symmetric
monoidal total category in which islanding and mode switching are vertical mor-
phisms and restriction to a subregion is a Cartesian lift. Evaluating a composite
behaviour along a composition tree of width w costs O(nw?), and we prove a lo-
cality theorem: an edit confined to one leaf invalidates only the behaviours on the
root path, so the update cost is O(w® depth) and is independent of network size.
A reference implementation on a DER-augmented IEEE 33-bus feeder and on repli-
cated multi-feeder systems of up to 2112 buses confirms the theory. The recomputed
arithmetic after a local edit is constant at 1.90e3 flops across a 32-fold increase in
network size, against a global cost that grows linearly from 2.12e4 to 7.12e5 flops;
measured update times are 17 to 21 times faster than global refactorisation for island-
ing, resynchronisation and dispatch events, and the updated factorisation is bitwise
identical to the globally recomputed one. We also show where the approach does
not help: the exact nonlinear black-box is intractable in general, the advantage is
governed by tree-width rather than by network size, and against a compiled sparse
direct solver the absolute wall-clock advantage appears only in the update regime.

This is an open access article under the CC BY-SA license.

Corresponding Author:

Sunil Gupta

Department of Electrical Engineering
The National Institute of Engineering
Mysuru, India

Email: sunil.gupta@nie.ac.in

1. INTRODUCTION
1.1. Motivation

The steady-state power flow problem is the computational substrate of almost every task in power system operation. Its
classical formulation is global. One assembles a nodal admittance matrix Y € C™*™ for the whole network, writes the
balance equations V4, (Y'V'), = S} at every bus, and solves the resulting system by Newton’s method or a decoupled
variant [1-3]. Sparse elimination with a good ordering makes each Newton step cheap, and for networks of bounded
tree-width the cost per step is linear in n [4,5].
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What the classical formulation does not provide is an account of locality. The state vector, the admittance matrix
and the Jacobian are global objects; the formulation offers no vocabulary in which to say that a change confined to one
feeder leaves the rest of the analysis intact. In practice this is handled by engineering convention and by the incidental
sparsity of the linear algebra, not by the model. As distribution networks acquire large numbers of distributed energy
resources, this omission becomes expensive. Reconfiguration, islanding, resynchronisation, tap changes and inverter
mode switches occur continuously and locally, and each is followed in current practice by a global reassembly and
refactorisation.

The engineering literature has long recognised the problem. Kron’s diakoptics and its successors tear a network
into subnetworks, solve them separately, and recombine the partial solutions [6—8]. Multi-area state estimation, dis-
tributed optimal power flow and plug-and-play microgrid control all rest on some notion of subsystem with an inter-
face [9—-11]. What these methods lack is a common algebra. Each specifies its own tearing scheme, its own interface
variables and its own recombination rule, and correctness is argued case by case. The behavioural approach of Willems
supplies the missing conceptual ingredient by identifying a system with the set of trajectories it admits and intercon-
nection with variable sharing [12], and it is precisely this move that admits a categorical formulation.

1.2. Contributions

We give a compositional semantics for AC power flow and use it to prove, rather than assert, the locality of topological
updates.

1. Syntax. Open subnetworks are organised as the morphisms of a hypergraph category obtained from structured
cospans over a category of network structures, Section 4. Series interconnection is composition, parallel juxtaposi-
tion is the monoidal product, and bus merging and splitting are the Frobenius operations.

2. Semantics. The behaviour of an open subnetwork is the set of boundary voltage and power pairs extensible to an
interior solution of the exact nonlinear balance equations. Theorem 1 states that this assignment is a symmetric
monoidal hypergraph functor. Theorem 2 establishes that behaviours are semialgebraic and computable with a
singly exponential bound. Theorem 3 shows that on the linear subcategory the functor is Kron reduction and that
functoriality is the quotient property of Schur complements.

3. Fibred microgrid models. Section 6 organises heterogeneous local configurations as an indexed category over a
base of grid regions. Theorem 4 records that the projection from the Grothendieck construction is a fibration whose
Cartesian lifts are restrictions, that the monoidal Grothendieck construction makes the total category symmetric
monoidal, and that the behaviour functor lifts to the total category. Islanding is a vertical morphism, and this is
what makes it a local edit in the sense of Section 7.

4. Complexity and locality. Section 7 defines composition trees and their width. Theorem 5 bounds the cost of
evaluating a composite behaviour by O(nw?), and relates the optimal width to tree-width. Theorem 6 proves
that an edit confined to one leaf invalidates exactly the behaviours on the root path, so that the update cost is
O(w? depth) and independent of n.

5. Empirical validation. Sections 9 and 10 report a reference implementation validated against pandapower on
the IEEE 33-bus feeder of Baran and Wu, augmented with six distributed energy resources, and scaled to 2112
buses. We measure exactness, arithmetic cost, wall-clock cost, sensitivity to the composition tree, and the effect of
meshing.

6. Negative results and limits. Section 11 states where the framework does not pay: the exact nonlinear black-box
is intractable in general; the advantage is governed by width and by the depth of the composition tree, not by n;
a structural change to an interface, as opposed to a change inside a component, forces re-analysis; and against a
compiled sparse direct solver the absolute advantage appears only for updates.

1.3. What this paper does not claim

Two claims that appear in informal treatments of compositional power flow are false and we do not make them.
Topological updates are not O(1); they are O(w? depth), which is constant in n for fixed width and depth but not
constant in the parameters of the decomposition. Newton’s method on a sparse network is not O(n?3) per step; on a
network of bounded tree-width it is O(n) per step with a nested dissection ordering [4, 5], and any honest comparison
must be against that baseline rather than against dense linear algebra.

2. RELATED WORK

Categorical systems theory. Fong’s decorated cospans [13] and the structured cospans of Baez and Courser [14]
give general machinery for turning closed systems into open ones and for composing them along boundaries; the two
constructions are compared in [15]. Baez and Fong applied this machinery to passive linear circuits and proved a
black-boxing theorem: the external behaviour of a linear RLC circuit is a Lagrangian linear relation between bound-
ary potentials and currents, and black-boxing is a hypergraph functor [16]. Related developments include props for
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network theory [17], categories in control [18], signal flow graphs [19, 20], hypergraph categories as the general set-
ting for interconnection [21], and operadic and fibred approaches to open dynamical systems [22-24]. Computational
realisations exist in the AlgebraicJulia ecosystem [25-27]. Fong and Spivak give an accessible synthesis [28].

The present work differs from [16] in three respects. First, our devices are not linear: the semantics is the exact
nonlinear power balance, so behaviours are semialgebraic sets rather than Lagrangian subspaces, and Theorem 1 must
be proved without any linearity or genericity assumption. Second, we treat heterogeneous local configurations by
fibring rather than by enlarging the device library. Third, we extract from functoriality a quantitative statement about
incremental computation and test it empirically.

Category theory and the grid. The closest prior work is that of Nolan, Pollard, Breiner, Anand and Subrahmanian,
who use categorical databases and symmetric monoidal categories for model management across heterogeneous DER
models and connect a generic problem specification to implementation-specific solvers [29]. Their concern is model
integration; ours is the semantics of the power flow relation itself and the computational consequences of functoriality.
Exergetic port-Hamiltonian systems provide a compositional modelling language for multiphysics networks with a
similar syntax and semantics split [30].

Decomposition in power systems. Diakoptics [6—8] is the direct ancestor of the present method: tearing a network,
solving the parts, and recombining. Kron reduction, the elimination of interior buses by a Schur complement, is
ubiquitous and has been analysed in detail by Dorfler and Bullo [31], with applications to plug-and-play control
of islanded AC microgrids [11] and a broader survey in [32]. Distributed and multi-area formulations of optimal
power flow are surveyed in [9, 10]. Convex relaxations and approximations of the power flow equations are surveyed
in [33], with foundational contributions in [34-36]. The complexity picture is that AC feasibility is strongly NP-hard
in general [37] and NP-hard even on trees [38], while on graphs of bounded tree-width an e-accurate approximation
scheme of polynomial size exists [39]. Sparsity and chordal structure are exploited in semidefinite relaxations [40,41].

Sparse elimination. The computational content of our locality theorem is that of the multifrontal method on a nested
dissection ordering [42,43], and the width parameter of a composition tree is the tree-width of the network graph up
to constants [44]. Weighted extensions of classical graph structures, such as the weighted Eulerian extensions of
random graphs analysed by Ganesan [63], belong to the same broad graph-theoretic toolkit though they address a
probabilistic question unrelated to elimination orderings. Our contribution here is not a new elimination algorithm but
the identification of the elimination tree with a syntactic object, the composition tree, whose nodes carry semantically
meaningful behaviours; this is what turns an implementation detail into a theorem about which parts of a model remain
valid.

3. PRELIMINARIES AND NOTATION

Throughout, FinSet denotes the category of finite sets and functions. We write C for the complex numbers and use
the electrical engineering convention z for complex conjugation. For a finite set B of buses, a network structure on B
consists of a symmetric matrix of branch admittances, a vector of shunt admittances, and a vector o € CB of internally
specified complex power injections. The associated nodal admittance matrix is denoted Y € CB*5 and is formed in
the standard way.

Given V € CB, the nodal balance residual at bus b is

Tb(V) = %(YV)[, — Op. (1)

A closed network is solved when (V) = 0 after the reference bus equations have been replaced by the reference
conditions. We work in rectangular coordinates when real algebraic geometry is needed and in polar coordinates when
Newton’s method is discussed; the two are related by a semialgebraic change of variables away from V' = 0.

We assume familiarity with symmetric monoidal categories, string diagrams and functors [45-47]. A hypergraph
category is a symmetric monoidal category in which every object carries a special commutative Frobenius monoid
structure, compatible with the monoidal product, and every morphism is required only to be a morphism of the under-
lying symmetric monoidal category [21]. The Frobenius operations are what allow a wire to be split, merged, created
and terminated, which is exactly the algebra of busbars. Fibrations, indexed categories and the Grothendieck construc-
tion are used in the form given in [48—50]; the monoidal refinement is that of Moeller and Vasilakopoulou [51].

4. SYNTAX: OPEN NETWORKS AS A HYPERGRAPH CATEGORY

Let Grid be the category whose objects are finite network structures and whose morphisms are maps of bus sets that
preserve branches, shunts and injections. Let

L : FinSet —» Grid )
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send a finite set X to the network structure with bus set X, no branches, no shunts and zero injections, and act on
functions in the evident way. The functor L is a left adjoint and Grid has finite colimits, which are the hypotheses
required by the structured cospan construction [14].

An open network with input interface X and output interface Y is a cospan

LX S5 N Ly (3)

in Grid. Composition of LX — N <+ LY with LY — N’ < LZ is the pushout of N < LY — N’, which glues
the two network structures by identifying the buses named by Y and adding their injections. The monoidal product is
disjoint union of interfaces and of network structures.

Two consequences of the general theory are used below. First, structured cospans over L form a symmetric
monoidal double category whose horizontal 1-category, which we denote Open(Grid), has isomorphism classes of
open networks as morphisms [14, 15]. Second, Open(Grid) is a hypergraph category, since cospan categories over
a category with finite colimits always are [21]. The Frobenius maps on an object X are the cospans induced by the
codiagonal and by the unique map to the terminal set; physically they merge several ports into one busbar, split a
busbar into several ports, introduce a floating port, and terminate a port.

This is the precise sense in which the wiring of a distribution network is an algebraic structure independent of
the physics. (Algebraic invariants of a rather different flavour, such as the Quillen K-theory and representation rings
of the quaternion and dihedral groups studied by Haddar et al. [62], illustrate the same general phenomenon that a
wiring or symmetry pattern can be organised as an algebraic object in its own right, though in a setting with no direct
bearing on power networks.) It is worth being explicit about what has been gained and what has not. Nothing here is
a computation. The content is that series interconnection, parallel juxtaposition and busbar merging obey the axioms
of a hypergraph category, so any semantics respecting those axioms is determined by its values on generators and is
stable under rewiring. The physics enters in the next section.

5. SEMANTICS: THE BEHAVIOUR FUNCTOR

5.1. The category of behaviours

For a finite set X let
Wx = (CxC)¥, )

with coordinates (v, Sz )zecx: Vg is the complex nodal voltage phasor at port - and s, is the complex power flowing
into the network at port z. Let Beh be the category with finite sets as objects and with

Homger (X,Y) = {RC Wx x Wy }, s)

composed by
R;S = {(a,c) : 3be Wy, (a,b) € Rand (b,c) € S }. (6)

The monoidal product is disjoint union of interfaces with the induced product of state spaces. The category Beh is
a hypergraph category: on the object X the Frobenius multiplication is the relation identifying voltages and adding
powers,

px = {((’U,S),(’U,S/),(’U,S+S/))} g WX X WX X WX? (7)

with unit {(v, 0)}, and the comultiplication and counit are the opposite relations. These are exactly Kirchhoff’s laws
at a busbar: one potential, currents summing to zero. The functorial machinery used throughout this section, assigning
behaviours to morphisms and composing them, sits inside the general study of functor categories; Ext and Hyperext
groups in the category of functors, studied by Betley in a purely algebraic setting far removed from power systems,
are an instance of the same ambient framework [61].

The sign convention deserves comment because it is what makes plain relational composition correct. Power is
counted positive into the network at every port, input and output alike. When the output ports of N are identified with
the input ports of N’, the power leaving NNV at a shared bus is —s in N’s convention and enters N’ as s; equality of the
shared coordinate is therefore Kirchhoff’s current law, and equality of the voltage coordinate is continuity of potential.
No sign flip is needed in the composition rule provided the output coordinates of N are recorded with the outward
orientation, which we do.

5.2. The behaviour of an open network

Let LX L> N & LY be an open network with bus set B, admittance matrix Y, and internal injections o € CB. For
(vx,sx) € Wx and (vy, sy ) € Wy define the port injection . € CB by

L = Z S — Z Sy. 8)

z:i(x)=b y:o(y)=b
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Set

©)

3V € CPB with Vi(a:) = Vg, Vo(y) = Uy
and V;, (YV), =0y + 1, forallbe B

B(N,i,0) = {((UX,SX),(Uy,5y)) -

In words: the boundary data are admissible exactly when they extend to a full interior solution of the exact nonlinear
balance equations. The interior voltages are latent variables in the sense of Willems [12], and B is the manifest
behaviour obtained by projecting them out.

Theorem 1. B is a symmetric monoidal hypergraph functor Open(Grid) — Beh.

Proof. We verify that 3 is well defined on isomorphism classes, preserves composition, preserves the monoidal prod-
uct, and preserves the Frobenius structure.

Well-definedness is immediate: an isomorphism of cospans is a bijection of bus sets commuting with the legs and
preserving admittances and injections, and the defining condition is invariant under such a bijection.

’
o

For composition, let LX LS N& LY and LY L> N’ <— LZ be open networks, and let M be the pushout, with
bus set By = (B U B’)/~ where o(y) ~ '(y) fory € Y. Write ¢ : BU B’ — By, for the quotient. Because LY is
discrete, the admittance matrix of M satisfies

(Yar)g(v) a(e) = Z Z Yyer, oyl = Z Tbs (10)

b'eq=1(q(b)) c'€q=1(q(c)) b'eq=1(q(b))

with Y and o read as the block diagonal data of NV and N’; no branch is created or destroyed by the gluing.

Suppose ((vx,sx), (vz,5z)) € B(M), witnessed by VM € CB¥. Define V =VM og|lgand V' = V™ o ¢|p.
For a bus b not in the image of o the balance equation of M at ¢(b) coincides with that of N at b, and similarly on the
N’ side. Fory € Y putb = o(y), b’ = i'(y) and m = q(b) = q(¥'). Since V, is a single value and the admittance
rows add,

VMY, VM), =V, (YV)y + Vi (Y'V)y. (11)

Let 6, = V,M and let 3, be the power that N’ draws at the shared bus, namely the residual of the N’ balance equation
at b/ after the contributions of o’ and of the Z ports have been removed. Using (11) together with 0}/ = o, + 7}, one
checks that ((vx, sx), (9,8)) € B(N) and ((9, ), (vz,sz)) € B(N’). Hence B(M) € B(N); B(N').

Conversely, suppose ((vx,sx),(9,8)) € B(N) and ((9,3), (vz,sz)) € B(N’), witnessed by V and V". Since
Voy) = Oy = Vi’,(y) for every y, the pair descends to a well defined V™ on Bj;. At a bus in the image of neither leg
the balance equation is inherited unchanged. At m = g(o(y)), adding the two balance equations and using (11) gives

VMY, VM), = To(y) + O'g/(y) + (por’[ terms of X, Z at m) + ( — 8y + §y)7 (12)

so the shared-port contributions cancel and the balance equation of M holds at m. Hence B(N); B(N') C B(M),
and the two are equal.

Preservation of the monoidal product is immediate because the balance equations of a disjoint union are the disjoint
union of the balance equations and no port is shared.

For the Frobenius structure, consider the open network L(X U X) — LX + LX given by the codiagonal, with
empty admittance and zero injections. Its behaviour consists of triples ((v, s), (v/,s’), (v”,s")) admitting V' € CX
withv =o' =v” =V and s + s’ — s” = 0, which is exactly px. The remaining generators are handled in the same
way, and the Frobenius axioms hold in Beh by direct computation. Preservation of the symmetry is clear. O

Theorem 1 is the formal content of the phrase “solve locally, compose globally”. It says that computing boundary
behaviours of parts and then composing yields exactly the boundary behaviour of the whole, with no approximation
and no genericity hypothesis. It also makes precise what compositionality does not say: B is far from injective, so the
behaviour of a part determines its interaction with the rest of the network but not its interior state. Interior quantities
must be recovered by a second, downward pass, which is what the back-substitution of Section 8 performs.

5.3. Effectivity of the nonlinear black-box

Write Vj, = ey, 4 ifp and split each balance equation into real and imaginary parts. Each is a polynomial of degree 2 in
the real unknowns e, f and degree 1 in the real and imaginary parts of the port powers.

Theorem 2. For an open network with n buses and interface X U'Y of size k, the set B(N,i,0) is a semialgebraic
subset of R* . A quantifier-free description by polynomials of degree d°"™) can be computed in time (nd)o(k("_k)),
where d = 2.

Proof. The defining condition (9) exhibits B3 as the image under a linear projection R?"+4k — R4¥ of the real algebraic
set cut out by 2n polynomials of degree 2. Semialgebraicity is the Tarski-Seidenberg theorem. The stated bound is
the block-elimination bound for existential quantification over 2n — 2k of the variables, in the form given by Basu,
Pollack and Roy [52, Ch. 14]. O
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Theorem 2 is a negative result as much as a positive one. It guarantees that the nonlinear black-box exists and is
computable, so the semantics is not vacuous, but the bound is singly exponential in the number of eliminated interior
variables and the construction is not usable at scale. Every practical instantiation therefore works with a subcategory
or an approximation on which behaviours have a compact representation. Two such are of interest here. The first is
the linear subcategory of Section 5.4. The second, used in the experiments, is the linearisation of B at a point, which
is exactly the behaviour of the Jacobian system and is where Theorem 6 acquires its computational force.

5.4. The linear subcategory: black-boxing is Kron reduction

Let Open(Grid)y;, be the subcategory of open networks whose devices are linear, so that the constitutive relation is
the current-injection law I = YV with I}, = 0}, + ¢ and o a vector of specified currents. Behaviours are then subsets
of (C x €)X x (C x €)Y recording boundary voltages and boundary currents.

Partition the bus set as B = « LI 3, where « is the image of the two legs, the boundary, and 3 is the interior. Write
the admittance matrix in blocks and assume Yjgg invertible, which holds under the standard irreducibility and loading
assumptions [31,53].

Theorem 3. On Open(Grid)yiy, the behaviour functor is the affine relation

B(N,i,0) = {(Va,Ia) c Iy = (Y/Yp) Vo + c}, Y/Y33 =Yoo — YaﬂYB_ﬂlYBa, (13)
with c = — yaﬁyﬁ*ﬁl 03 + 04. Moreover, functoriality of B restricted to this subcategory is equivalent to the quotient
property of Schur complements: if B = [ L B2 then

(Y/Y6u5,) | (Y/Y5:5,) g5, = Y/ V8- (14)

Proof. The system Yg,V,, + Yg3V3 = o determines Vg = Yﬂ_ﬂl(aﬂ — Y34 Va) uniquely, and substituting into the
boundary rows gives the displayed affine relation; conversely any V,, extends. This is the Dirichlet-to-Neumann map
of the subnetwork and is the Kron reduction of Y onto « [31].

For the second statement, let N have interior 3; and boundary «cLI~y, and let N’ have interior 35 and boundary 14,
glued along ~y. Composition in Beh of the two affine relations eliminates (V7,, I.,) subject to equality of voltages and
addition of currents, which is precisely the elimination of the « block from the block matrix formed by extend-adding
the two reduced admittance matrices along . Performing the eliminations in the order 3, 82,y and comparing with
the single elimination of 31 LI 35 LI v from the admittance matrix of the composite yields the identity; the identity in
turn implies that the two evaluation orders agree, which is functoriality. The classical statement of the quotient identity
is due to Crabtree and Haynsworth; see [31, Sec. III] for the graph-theoretic form used here. O

Theorem 3 identifies the abstract machinery with an object every power engineer already knows. Black-boxing an
open subnetwork is taking its Kron reduction; composing behaviours is extend-adding reduced admittance matrices
along a shared boundary and eliminating it. The categorical statement adds that this operation is associative, unital,
symmetric and compatible with busbar merging, uniformly and by construction rather than by verification in each
instance.

5.5. Linearised behaviours and Newton’s method

In the nonlinear case we work with the derivative of /5. Fix an operating point V* and let .J be the power flow Jacobian
in polar coordinates, with the reference and voltage-controlled bus equations replaced by identity rows so that the
sparsity pattern is invariant under changes of bus type. The map sending an open network to the affine relation on
boundary increments determined by .J is again a hypergraph functor, by the same argument as Theorem 3 applied to
J in place of Y'; the Schur complement of .J onto the boundary block replaces the Kron reduction. Every Newton step
is therefore a composition of linearised behaviours, and the locality theorem of Section 7 applies to each step.

This is the practically important instantiation. It retains exact agreement with the monolithic Newton iteration,
since the linear algebra is exact, while avoiding the intractability of Theorem 2.

6. FIBRED MODELS OF HETEROGENEOUS MICROGRIDS
6.1. The base and the fibres

A regional grid contains subsystems that are not merely different in parameters but different in kind: a low-voltage DC
microgrid, a grid-forming battery installation with its own droop law, a set of grid-following photovoltaic inverters.
Enlarging a single device library to cover all of them is possible but discards the information that these are alternative
internal configurations of an interface that the rest of the network sees as fixed.

Let B be a category whose objects are the regions of a macroscopic grid partition and whose morphisms u : b — b’
are the admissible interconnections and inclusions of regions. Let

P : B — Cat (15)
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be a pseudofunctor assigning to each region b the category P(b) of admissible internal configurations of the local
network at b, with morphisms the admissible mode transitions, and assigning to u : b — b’ the reindexing functor
P(u) : P(b') — P(b) that restricts a configuration of &’ to the subregion b.

The Grothendieck construction [ P has as objects the pairs (b,z) with € P(b), and as morphisms (b, z) —
(t/, ") the pairs (u, f) withw : b — b/ inBand f :  — P(u)(2’) in P(b) [48,49].

Theorem 4. The projectionn : [ P — B, (b,z) — b, is a cloven fibration; a morphism (u, f) is Cartesian if and only
if [ is an isomorphism, and the Cartesian lift of u at x' is restriction of the configuration x' along u. If B is symmetric
monoidal and P is a lax symmetric monoidal pseudofunctor, then [ P is symmetrlc monoidal and T is strict symmetric
monoidal. Finally, the behaviour assignment of Section 5 lifts to a functor B : | P — Beh with B(b z) = B(Np.2),
where Ny, 5 is the open network realising configuration x on region b.

Proof. The first two statements are the standard equivalence between pseudofunctors into Cat and cloven fibrations,
together with the characterisation of Cartesian morphisms in a Grothendieck construction [49, Ch. 1]. The monoidal
statement is the monoidal Grothendieck construction of Moeller and Vasilakopoulou [51, Sec. 3]. For the last state-
ment, a morphism (u, f) consists of an interconnection u and a mode transition f; the assignment sends it to the
composite in Beh of the behaviour of the interconnection with the relation induced by f, and functoriality follows
from Theorem 1 together with functoriality of P and the coherence of the cleavage. O

6.2. Reading the construction

Three points are worth isolating, because the construction is frequently invoked without them.

First, fibrewise morphisms, those over the identity of b, are exactly the mode transitions of a fixed region: a
microgrid disconnecting from the feeder, a battery switching from grid-following to grid-forming, a tap change. Such
a morphism does not alter the region’s interface. This is the categorical statement of the precondition under which the
locality theorem of Section 7 applies.

Second, Cartesian morphisms are restrictions. Given a configuration of a large region and an inclusion of a
subregion, the Cartesian lift is the induced configuration on the subregion, and its universal property is what makes
“the state of the microgrid at bus b” well defined as a function of the state of the region containing it. Without a
fibration this is not automatic.

Third, the monoidal refinement is not decoration. Parallel composition of regions must be defined on configured
regions, not merely on regions, and the naive total category of a pseudofunctor into Cat is not monoidal. The lax
monoidal structure on P is precisely the datum saying how configurations of two regions combine into a configuration
of their juxtaposition, and Theorem 4 says this is exactly what is needed.

6.3. Islanding as a vertical morphism

Consider a region b containing a lateral with a battery energy storage system. In grid-connected mode the configuration
x specifies the battery as a grid-following current source; in islanded mode the configuration z’ specifies it as the
voltage and frequency reference of the island, and the tie branch as open. The transition z — z’ is a morphism in the
fibre P(b), hence a vertical morphism of | P.

Two consequences follow, and they are the operationally relevant ones. The interface of b, meaning the set of
boundary buses through which b interacts with the rest of the grid, is unchanged, since the fibre morphism does not
move in the base. Therefore B changes only at (b, —), and by Theorem 1 the behaviours of all regions not containing
b are unaffected. The composite behaviour of the whole network is then recomputed by re-evaluating the composition
only along the path from b to the root of the composition pattern. Section 7 makes this quantitative.

It is worth stating the limitation plainly. If the reconfiguration changes the interface itself, for instance by opening
a branch that lies between two regions rather than inside one, the edit is not vertical, the composition pattern changes,
and structural re-analysis is required. Our experiments measure this case separately. Detecting that such a structural,
interface-level change has occurred, as opposed to a benign parameter update, is itself a recognition problem; general
outlier-detection techniques for high-dimensional data, developed by Kamalov and Leung for a setting unrelated to
grid topology [66], are one of many possible tools that could be brought to bear on flagging such anomalous local
changes automatically.

7. COMPOSITION TREES, WIDTH, AND THE LOCALITY OF UPDATES

7.1. Composition trees

A composition tree for a closed network N with bus set B is a rooted tree 1" together with an assignment to each node
t of a separator S; C B and a subtree bus set By, such that the sets {S; }+cr partition B, B; is the union of S; with
the By for children ¢’ of ¢, and no branch of N joins B;, to By, for incomparable nodes t1,t2 except through the
separators of their common ancestors. The boundary of t is

9 = ( U o u J\/(St)) \ By, (16)

t’ child of ¢
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where A denotes graph neighbourhood (a related, purely graph-theoretic study of iterated line-graph and neighbour-
hood structure on Cayley graphs, in a setting unconnected to power networks, is given by Gezer [58]), and the width
of T'is
T) = . 1
w(T) = max (|S,] + [04]) a7

A composition tree is a syntactic object: it is a bracketing of IV as an iterated composite of open subnetworks in
Open(Grid), in which the open subnetwork at ¢ has interface 0; and interior B,. Different trees are different but
equivalent parsings of the same network, and Theorem 1 guarantees that all of them yield the same behaviour at the
root. The definition of B; in terms of the By of its children is recursive in the same sense that a denotational semantics
for a recursively defined syntax is; existence and uniqueness of the object so defined ultimately rest on fixed-point
arguments of the kind surveyed, in application areas quite distant from power-network semantics, by Kamalov and
Leung [64].

Theorem 5. Let T be a composition tree of width w for a network with n buses and v variables per bus. Evaluating
the linearised behaviour at every node of 'T' by the elimination of Section 5.4 costs

S O((w(1Si] +12:)?) = O(nvPuw®). (18)

teT

If the network graph has tree-width T then a composition tree of width O (1) exists, and the total cost is O(nv>373). For
radial networks T = 1, and a centroid decomposition gives width O(1) and depth O(logn). The distribution feeder
itself is, in graph-theoretic terms, close to a tree with a small number of additional tie edges, structural parameters
of this kind for graphs, such as the outer-connected domination-type functions studied by Casinillo and Casinillo in
an unrelated combinatorial setting [60], are examples of the broader class of graph invariants that tree-width and
separator size belong to.

Proof. The cost at node ¢ is that of factorising the interior block of dimension »|S;| and forming the Schur complement
onto v|d;| boundary variables, which is O((v(|S¢| + |9¢]))?). Summing over nodes and using 3, |S;| = n gives the
first bound. The correspondence between composition trees and tree decompositions is the standard equivalence
between vertex separator hierarchies and tree decompositions [44]; a tree decomposition of width 7 yields a separator
hierarchy with |S¢| + |0;| < 7 + 1 and conversely, up to constants, which is the content of the nested dissection
analysis [4,42]. For a tree the centroid is a single-vertex separator leaving components of size at most n/2, so
recursion gives width O(1) and depth O(log n). O

7.2. Locality

Theorem 6. Let T be a composition tree for N and let NT be obtained from N by an edit confined to By for a
node {, leaving 0y, the separators Sy and the branch set outside By unchanged. Then for every node t that is not an
ancestor of ¢ and is not ( itself, the behaviour at t is the same in N and NT. Consequently the composite behaviour
of N is obtained from the cached data of N by re-evaluating only the nodes on the path from { to the root, at cost
O(v3w? depth(T)), independent of n.

Proof. The behaviour at ¢ is 15 applied to the open subnetwork with interior B; and interface J;. If ¢ is neither ¢ nor
an ancestor of ¢, then B; N By, = () and no branch incident to B; has been altered, so the open subnetwork at ¢ is
unchanged as an object of Open(Grid), hence so is its behaviour. For nodes on the root path, Theorem 1 expresses
the behaviour at ¢ as the composite of the behaviours of its children with the local data at S;; the children off the path
are unchanged and their cached behaviours may be reused, so the work at ¢ is a single elimination of cost O((vw)?).
There are at most depth(7") such nodes. O

Remark 7. Two conditions delimit the theorem. The hypothesis that J, is unchanged is exactly the condition that the
edit is a vertical morphism in the sense of Section 6.3. An edit that opens a branch lying between two regions violates
it and requires re-analysis of the composition tree; we measure that cost separately in Section 10.4. Second, the bound
is independent of n but not of w and depth, and the two trade off: shallow trees have wide separators near the root,
deep trees have narrow ones. Section 10.5 reports the trade-off empirically.

8. ALGORITHM

The algorithm has three phases, corresponding to the three layers of the theory.

Phase 1, structural analysis. Build a composition tree for the bus graph. We use a recursive vertex-separator decom-
position. If the induced subgraph is a tree, the separator is its centroid, which is a single vertex leaving components of
size at most half. Otherwise the routine searches the articulation points for one whose removal is balanced, accepting
it if the largest remaining component has at most two thirds of the vertices, and falling back to a breadth-first level
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bisection when no articulation point is balanced enough. Recursion stops at a prescribed leaf size. Balanced-separator
search of this kind is a special case of the much more general question of partitioning a graph subject to a combi-
natorial side constraint; integer-programming formulations and probabilistic bounds for domination-type partitioning
parameters, developed for a different family of graph problems, are given by Labendia and Pornia [59]. Boundaries
0; are computed bottom up. Each nonzero of the Jacobian is assigned to the node that eliminates the earlier of its two
incident buses, which is the standard multifrontal assembly rule. Phase 1 is repeated only when the interface structure
changes.

Phase 2, upward evaluation. In post-order, assemble the frontal matrix at ¢ from the assigned nonzeros and the
extend-added update matrices of the children, factorise the interior block, and form the Schur complement onto 0.
This is the computation of B at ¢ in the linearised setting. Nodes marked clean reuse their cached update matrix, which
is what implements Theorem 6.

Phase 3, downward evaluation. Interior variables are recovered by the two triangular sweeps of the multifrontal
method. This is the recovery of latent variables that black-boxing discards.

The three phases are wrapped in a Newton iteration. At each step the Jacobian values are refreshed, Phase 2 is run
with the dirty set determined by the most recent edit, and Phase 3 supplies the update. Bus-type changes, including a
battery becoming grid-forming on islanding, are implemented by row replacement in place, which leaves the sparsity
pattern and therefore the composition tree invariant; this is the computational counterpart of the observation that
islanding is a vertical morphism. Marking is O(depth): from each dirty bus one walks parent pointers to the root,
stopping at the first node already marked.

9. EXPERIMENTAL SETUP

9.1. Test systems

The base system is the 33-bus 12.66 kV radial distribution feeder of Baran and Wu [54], taken from the pandapower
case library [55] so that the parameters are those of a published, independently maintained benchmark rather than a
re-entry. The feeder has 32 in-service branches, five normally open tie switches, and a total demand of 3.715 MW and
2.30 Mvar on a 10 MVA base.

The feeder is augmented with six distributed energy resources: photovoltaic arrays of 0.30 MW at buses 12, 24
and 31, wind units of 0.20 MW at buses 18 and 22, and a battery energy storage system of 0.50 MW and 0.15 Mvar at
bus 25, all in one-indexed bus numbering. The total of 1.80 MW is 48.5 % active-power penetration. We note that the
DER sizing matters: a 2.5 MW array on a feeder whose entire demand is 3.715 MW is not a stress test but a modelling
error, and produces a reverse-flow regime in which the reported voltage profile is meaningless.

Larger systems are built as m-feeder substations: m copies of the augmented feeder in parallel, each tied to the
common reference bus through a getaway cable of 0.002 + 0.004i per unit, with m € {1,2,4, 8,16, 32,64} giving 33
to 2112 buses. The former reference bus of each copy becomes a passive node. This construction keeps the per-feeder
voltage profile essentially unchanged, so that growth in n is not confounded with growth in loading. A weakly meshed
variant closes the five tie switches on every feeder.

9.2. Baseline

The baseline is a monolithic Newton—Raphson power flow in polar coordinates with the inner linear system solved by
SuperLU through SciPy’s sparse factorisation. This is the appropriate comparison: it is the same algorithm with the
same convergence behaviour, differing only in how the Jacobian system is solved. Comparing against dense linear
algebra would inflate the reported advantage and is not done. General numerical-computing considerations of this
kind, choosing and implementing a solver appropriately for a given engineering problem, are discussed outside the
power flow setting by Kamalov and Leung [65].

9.3. Metrics

We report, for each configuration: Newton iterations to a mismatch tolerance of 10~19 per unit; the maximum deviation
of the converged voltage from pandapower’s; the relative error of the compositional linear solve against SuperLU; the
number of tree nodes recomputed and reused after an edit; the maximum frontal dimension, which is v(|.S;| + |9%|)
maximised over ¢ and is the empirical proxy for width; the elimination flop count, counted as 2n$ + 2n?np + 2n;n%
per node; and median wall-clock times over nine repetitions.

Flop counts are reported alongside wall-clock times because the reference implementation is in Python with
NumPy and SciPy, whereas SuperLU is compiled C. Absolute wall-clock comparisons across the two are therefore
not informative about the algorithms, and we say so rather than presenting a favourable but meaningless ratio.

9.4. Environment
Python 3.12.3, NumPy 2.4.4, SciPy 1.18.0, pandapower 3.5.4, x86-64, single thread.
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10. RESULTS

10.1. Validation

The reference implementation reproduces the published behaviour of the benchmark. Without DERs the minimum
voltage is 0.91309 per unit at bus 18 in one-indexed numbering, the standard value for this feeder. With DERs it
rises to 0.94073 per unit at bus 33. Agreement with pandapower is to 3.2e — 9 per unit in magnitude and 2.3e — 9
radians in angle without DERSs, and to 3.4e — 10 and 2.9e — 10 with DERs; the residual is limited by pandapower’s
own convergence tolerance, not by ours. The Newton residual sequence, plotted in Figure 1, is 7.6e — 3, 9.2e — 5,
7.5e — 9, 3.5e — 14, exhibiting the expected quadratic convergence.

10.2. Exactness of the decomposition

Theorem 1 asserts that composition loses nothing. Table 1 confirms this numerically.

The iteration counts are identical, as they must be if the linear algebra is exact, and the deviations are at the level
of floating-point round-off. In the topology-event experiment of Section 10.4 the solution obtained from a partially
refactorised tree is bitwise identical to the one obtained by refactorising from scratch, a relative difference of exactly
zero. This is the strongest available empirical statement of Theorem 6: reuse is not an approximation.

10.3. Scaling

Three observations follow, in order of importance.

The recomputed arithmetic after a local edit is 1.90e3 flops at every size from 66 to 2112 buses, while the global
cost grows linearly from 2.12e4 to 7.12e5. This is Theorem 6 in numbers: the update cost is constant in n, and exactly
four of the 577 tree nodes are recomputed at the largest size. The maximum frontal dimension is 18 at every size,
confirming Theorem 5’s prediction that a radial network admits a composition tree of constant width.

Wall-clock update time is not perfectly constant, rising from 0.26 to 0.78 ms. The cause is identifiable and is not
a violation of the theorem: the root node of a substation topology has one child per feeder, so assembling its frontal
matrix requires extend-adding m update matrices, which is linear in the arity of the root even though the elimination
itself is not. A topology in which the root arity is bounded, for instance a balanced interconnection of substations,
does not exhibit this term. We report it rather than hiding it because it illustrates that the theorem bounds elimination
work and that assembly bookkeeping must be accounted for separately.

Against compiled SuperLU, global evaluation in our Python implementation is 2 to 11 times slower, as expected.
Local update is nonetheless 3.3 times faster than a SuperLU refactorisation at 2112 buses, and the gap widens with
n. The honest summary is that the compositional method’s advantage lies entirely in the update regime, and that a
compiled implementation would be required to make its advantage in the global regime meaningful.

10.4. Topology and configuration events

We open the branch joining buses 3 and 23 of one feeder in a 16-feeder system of 528 buses, islanding the lateral
{23, 24,25} carrying 0.93 MW and 0.45 Mvar, and promote the battery at bus 25 of that feeder to grid-forming
reference. We then resynchronise, and separately perturb the dispatch of the photovoltaic unit at bus 12.

The physical results are consistent and interpretable. In the island the minimum voltage is 0.9833 per unit, the
battery supplies 0.211 MW and 0.251 Mvar of net injection, corresponding to 0.631 MW of generation against the
0.42 MW load at its own bus, and the rest of the network sees a maximum voltage change of 1.5e — 3 per unit. The
local update reproduces the globally refactorised solution to zero relative error.

The islanding event also changes the sparsity pattern, since a branch is removed, and therefore requires the struc-
tural re-analysis of Phase 1. That cost is 3.06 ms, comparable to a single global refactorisation. This is the limitation
announced after Theorem 6, quantified: when an edit changes the interface, the saving is one refactorisation, not two
orders of magnitude. When the edit is confined to a component and only its parameters or bus types change, as in
resynchronisation and dispatch, Phase 1 is skipped entirely and the full saving is realised. Restricting the re-analysis
to the affected subtree is straightforward and is left to future work.

10.5. Width, meshing, and the composition tree

Closing the tie switches raises the maximum frontal dimension from 14 to 26 and the per-node elimination cost
by a factor of about 6.8, exactly the qualitative behaviour predicted by Theorem 5, and leaves the update speed-
up essentially unchanged because the width remains bounded. The result is sensitive to the separator heuristic: an
earlier version using breadth-first bisection alone produced separators of 251 buses on the meshed 2112-bus system
and a frontal dimension of 830, degrading the speed-up to 2.2. Adding the articulation-point search removed the
pathology. We record this because it demonstrates that the advantage is a property of the composition tree and not of
the categorical formalism, which is agnostic about which tree one chooses.

The trade-off anticipated after Theorem 6 is visible in Table 5 and Figure 3(b). Fine decompositions give the
largest relative saving on updates, because the dirty subtree is small, but the greatest total cost, because of per-node
overhead. Coarse decompositions invert both. The best absolute update time occurs at the coarsest setting, while the
best ratio occurs at the finest, and an operator tuning a real system should optimise the former.

10
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Figure 1. Newton residual against iteration for the 33-bus feeder with and without distributed generation. Quadratic convergence
is retained at 48.5 % penetration.

Table 1. Exactness of compositional evaluation. Leaf size 8.

Newton iterations

m buses vars monolithic compositional ||AV||c  rel. err. solve fronts max front
1 33 66 4 4 8.7e — 15 9.1e—15 9 18
4 132 264 4 4 1.2e — 14 1.6e — 14 37 18

16 528 1056 4 4 1.9e — 14 1.0e — 14 145 18

11. DISCUSSION

11.1. What the categorical layer buys

It is fair to ask what is gained by the categorical formulation over simply implementing a multifrontal solver, since
the computational kernel of Section 8 is a multifrontal solver. The answer is that the categorical layer supplies the
statement that is being verified, and the conditions under which it holds.

Theorem 1 is a statement about the model, not about an algorithm: the boundary behaviour of a subnetwork is a
well defined semantic object, and interconnection acts on those objects by composition. From this, Theorem 6 follows
with a two-line proof that mentions no linear algebra. Any implementation whatsoever that computes behaviours and
composes them inherits the locality property, including implementations based on convex relaxations, on measured
data, or on surrogate models, provided only that the composition rule respects the hypergraph structure. Conversely,
the elimination-tree argument for locality in the sparse-matrix literature is specific to Gaussian elimination and says
nothing about what happens if a subnetwork’s model is replaced by a different one of the same interface.

The fibrational layer of Section 6 plays the same role for heterogeneity. The statement that islanding leaves the rest
of the network’s analysis valid is not obvious; it is a consequence of the transition being vertical, and the framework
tells us exactly which reconfigurations are vertical and which are not. The experimental separation between the
resynchronisation event, which is vertical and costs 0.36 ms, and the islanding event, which is not and additionally
costs 3.06 ms of re-analysis, is a direct measurement of this distinction.

11.2. Threats to validity

Implementation. The reference implementation is in Python. Absolute times are therefore not comparable across
implementations, and the comparison with SuperLU is reported with that caveat throughout. The flop counts are
implementation independent and support the same conclusions.

Test systems. The multi-feeder systems are synthetic replications of a single benchmark and are radial or weakly
meshed by construction, which is favourable. Real sub-transmission networks have larger tree-width, and Theorem 5
predicts a cubic penalty in the width. We have not tested on a transmission-level benchmark, and the claims should
not be extrapolated there without measurement.

Scope of the semantics. The semantics is balanced, single-phase, steady-state and positive-sequence. Unbalanced
three-phase operation, which is the realistic setting for low-voltage distribution, requires replacing C by C? at each
port; the categorical structure is unaffected but the width triples and the constants matter.

11
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Table 2. Scaling of global evaluation and local update. Leaf size 8; times are medians of nine runs in milliseconds.

time [ms] flops fronts

m  buses global local SuperLU global local max front depth total recomp. speed-up

1 33 042 0.20 0.09 1.10e4 2.73e3 18 3 9 3 2.1

2 66 094 0.26 0.18 2.12e4 1.90e3 18 4 19 4 3.6

4 132 1.80 0.26 0.23 4.35e4 1.90e3 18 4 37 4 7.0

8 264 351 039 0.29 8.79e4 1.90e3 18 4 73 4 9.0

16 528 10.87 0.49 0.71 1.77e5 1.90e3 18 4 145 4 22.3

32 1056 1529 0.53 1.32 3.55e5 1.90e3 18 4 289 4 28.8

64 2112 29.07 0.78 2.58 7.12e5 1.90e3 18 4 577 4 37.3

(a) wall-clock time (b) arithmetic cost (c) composition width
1 -@- global evaluation ~@- global w0 ~@- radial (32 branches)
1 local update local update 35 meshed (37 branches)
10! _E =~ SuperLU (compiled) i =+ 0(n) E 10 4
z A 1 5 ]
FRry L E 2%
= ] g r-g 157 .\.—.—.
i @ 10t 4 % 104
- £
g i 5
101 _E K/
T T T T 0 T T
102 10° 102 10° 102 10°
buses n buses n buses n

Figure 2. (a) Wall-clock time for global evaluation, local update after an edit confined to one leaf, and a compiled SuperLU
factorisation. (b) Elimination flop counts; the local-update cost is constant in 7, as Theorem 6 predicts. (¢) Maximum frontal
dimension for radial and weakly meshed feeders, bounded in both cases, as Theorem 5 predicts for bounded tree-width.

Solution multiplicity. Behaviours are sets, and the power flow equations admit multiple solutions. Theorem 1 is a
statement about sets and is therefore insensitive to multiplicity, but the Newton-based instantiation tracks one branch,
and the correspondence between the branch tracked locally and the branch tracked globally is guaranteed here only
because the linear algebra is exact and the iterates coincide. Under inexact or relaxed local solves this correspondence
would need separate argument.

Statistical treatment. Timings are medians of nine repetitions on a single machine with reported standard deviations
in the released data. We do not claim significance for differences smaller than roughly ten percent.

11.3. Relation to convexification

An orthogonal line of work replaces the exact power flow set by a convex relaxation [33-36]. Relaxations are them-
selves compositional in a weak sense: the relaxation of a composite contains the composite of the relaxations, but
the containment is generally strict, so the corresponding assignment is a lax rather than a strict functor. Making this
precise, and identifying conditions under which the lax structure is tight, appears to be a well posed question and
would connect the present framework to the exactness literature for radial networks.

12. CONCLUSION

We have given a compositional semantics for AC power flow in which open subnetworks form a hypergraph category,
boundary behaviours are the values of a symmetric monoidal hypergraph functor, and the classical operation of Kron
reduction is recovered as the restriction of that functor to linear devices. Heterogeneous microgrid configurations are
organised as the fibres of an indexed category, and the monoidal Grothendieck construction assembles them into a
total category in which islanding and mode switching are vertical morphisms and restriction is a Cartesian lift.

The payoff is a theorem rather than a heuristic: an edit confined to one component of a composition tree invalidates
exactly the behaviours on the path to the root, so the update cost is O(w? depth) and independent of network size.
Measurements on a DER-augmented IEEE 33-bus feeder and on replicated systems of up to 2112 buses confirm this,
with recomputed arithmetic constant at 1.90e3 flops across a 32-fold increase in size, update speed-ups of 17 to 21
for islanding, resynchronisation and dispatch events, and updated factorisations that are bitwise identical to globally
recomputed ones. We have also identified where the framework does not help, and quantified the cost of the case it
does not cover, namely edits that alter an interface rather than a component’s interior.

12
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Table 3. Topology and configuration events, 528-bus system, leaf size 8, 145 tree nodes.

event global [ms] local [ms] speed-up nodesrecomp. nodesreused Newton it.
islanding 6.59 0.37 17.9 4 141 3
resynchronisation 6.33 0.36 17.5 4 141 3
DER dispatch change 6.35 0.31 20.7 3 142 3
(a) events, 528-bus system (b) leaf size, 1056-bus system
mmm global refactorisation ] =@~ global evaluation
8 4 local update 1 local update
10! 3
— 67 — ]
1%} %2}
E B
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islanding resync. dispatch 22 23 24 25 26
leaf size

Figure 3. (a) Global refactorisation against local update for the three operational events. (b) Effect of the leaf size of the
composition tree on the 1056-bus system; fine decompositions maximise the relative saving, coarse ones the absolute update time.

Three directions follow. Incremental structural re-analysis would remove the one remaining global cost, that of
Phase 1 after an interface change. A lax-functorial treatment of convex relaxations would connect compositional
evaluation to the convexification literature. Finally, the assignment of behaviours to regions is a functor into Beh, and
operational limits such as voltage bands are subobjects of behaviours; the question of how such limits propagate across
a composition boundary is naturally posed as a Kan extension along the inclusion of a region’s interface, which we
intend to develop.

REPRODUCIBILITY

All results in Section 10 were produced by the accompanying code, which is released with the paper: ccpf.py
contains the case construction, the Newton solver and the composition-tree evaluator; experiments.py repro-
duces every table; results. json records the raw measurements including standard deviations. The benchmark
data are taken unmodified from the pandapower case library. Running python experiments.py regenerates
results. json in a few minutes on a single core.
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